Introduction
Ramanujan listed 14 formulae of 1/π in his 1914 paper [11] , where all the formulae are of the form What Ramanujan discovered can be seen as examples of level 1 and 2 RamanujanSato series [2] . In 1989, David Chudnovsky and Gregory Chudnovsky published [3] a Ramanujan-Sato series of level 1 which converges to 1/π extremely rapidly: We are aiming at giving a (modular) proof of this amazing identity in this document. Our calculation still starts with one of the equalities in [1] , p. 181, formula (5.5.9):
(1.5) (1 − 4(2kk )
2 )
1/2 2K(k) π (1 − q n ).
Classical elliptic function theory gives [1] (p. 69) (1.7) 2K(k) π , q = exp (−πτ ).
Taking logarithmic differentiation by k on both sides of (1.6) and using formula (2.3.10) in [1] ,
nb n c n (k), where P (q) = 1 − 24
u, v, c are all rational functions of k. Taking logarithmic differentiation on both sides of the transformation formula of η-function (1.9) η(q 2 (1/τ )) = τ 1/2 η(q 2 (τ )) would lead to τ 2 P (q(τ )) + P (q(1/τ )) = 6τ /π.
Let τ = √ n, n ∈ N. Then (1.10) nP (e −π √ n ) + P (e −π/ √ n ) = 6 √ n/π.
The theory of elliptic functions suggests that
is an algebraic function of k 1 and k 2 . Taking logarithmic differentiation of K 2 (k 1 )/K 2 (k 2 ) by k and using formula (1.7), it can be shown that
where G 1 is an algebraic function of k 1 and k 2 . Take q = e −π/ √ n in (1.11). Direct computation with formula (1.8), (1.10) and (1.11) would establish the following result:
where
Let q = e πiτ , then the function 1728/c(k(exp(πiτ ))) is invariant under the transformation τ → τ + 1 and τ → −1/τ . The q-expansion of 1728/c(k(q)) = −1/q − 744 − · · · , and the result follows.
A well-known result attributed to Hermite is that j
which implies that
We also remark that 2v
The calculation of 2v(k) also implies that
Combining (2.5),(2.4),(2.3) and (1.4), one will be led to the statement to be proved later:
Remark : One can also get similar propositions for other imaginary quadratic number fields Q( √ −n) with class number 1. We list similar results in Table 1 . We also note that the values of (2kk )
1/3 at exp(−π √ n) are necessary in our calculation. We can extract the values of the cubic root of (Weber's) modular function at singular moduli from the special values of j-invariant and Lemma 2.1. The (cubic) minimal polynomials of these values are listed in the Table 1 as well. The values of (2kk )
1/3 at singular moduli are the (unique) real roots of these polynomials. We need another lemma before we close the preliminary calculations. 
Proof. We denote the left-hand of (2.7) by Q 0 .
The main task of our calculation is to evaluate the constant G 2 in (2.6). The most difficult part in the evaluation still lies in the calculation of the constant G 1 defined by (1.11) . The main ingredient in our calculation originates from the work of E. Hecke, M. Eichler and A. Pizer on the construction of modular forms from quaternion algebra A(p) ramified at a prime p and ∞. A detailed theory of quaternion algebra is not our main concern, and we refer our readers to the paper [7] of A. Pizer.
Consider an integral even lattice Λ of rank 4 in the Euclidean space R 4 . The theta series associated to the lattice Λ is defined to be θ Λ (τ ) = x∈Λ q Theorem 3.1. Let the determinant of a self-dual modular lattice Λ of rank 4 be the square of an integer l. Then the theta function θ Λ (τ ) associated to the modular lattice Λ is a modular form of weight 2 on Γ 0 (l). The modular form θ Λ (τ ) is also an eigenfunction of the Fricke involution w : z → −1/(lz), with eigenvalue -1, i.e.,
Since the series nP (q n ) − P (q), q = e πiτ is a modular form of weight 2 with Fricke eigenvalue −1 as well, it is reasonable to represent this q-series by the linear combination of theta series attached to modular lattices with discriminant n 2 . One will inevitably wonder how one can construct enough many modular lattices with the given discriminant n 2 , and it is where the theory of quaternion algebra enters. We limit us to the case n = p, p a prime with p ≡ 3 (mod 4) for the sake of conciseness. The quaternion algebra A(p) is defined to be the (unique) central simple algebra over Q of dimension 4 ramified at p and ∞. In other words, the quaternion algebra is a 4-dimensional linear space over Q with a basis 1, i, j, k on which one can define multiplication:
The trace tr(w) and the norm N (w) are defined to be tr(w) = w +w and N (w) = ww. One can also define an inner product on A(p) with respect to the norm:
Since A(p) is the non-commutative analogue of quadratic field over Q, one can define a maximal order (not necessarily unique) O and (left) O-ideal classes on it. A Z-basis of a certain maximal order O (with unity) can be given as follows [7, Prop. 5 .1]:(1 + j)/2, (i + k)/2, j, k. The norm N (I) of an O-ideal I is defined to be the greatest common divisor of the norms for all elements in the ideal I. We claim that an O-ideal I is a self-dual modular lattice when we equip the lattice with the inner product x, y /N (I), x, y ∈ I.
Theorem 3.2. The theta function attached to an O-ideal I in the quaternion algebra A(p) is defined to be
Then θ I (τ ) is a modular form of weight 2 on Γ 0 (p) with Fricke eigenvalue −1.
Proof. A classical result of theta functions associated to quaternary quadratic forms [8, p. 106 ] asserts that θ I (τ ) is a modular form of weight 2. Notice that the maximal order O is a self-dual modular lattice with respect to x, y , then the second part of the theorem follows from Lemma 3.7 of [8] .
A theorem attributed to Eichler (see [7, Theorem 1.12] ) asserts that the number of distinct O-ideal classes is finite. There are more than one algorithm to determine the basis of ideals in all ideal classes(e.g., [8] [5] ). The algorithm in [5] is adopted in the computer algebra system MAGMA, which is used in our calculation to generate modular theta functions attached to O-ideals.
We know from [7, Prop. 2 .17] that two isomorphic O-ideals have the same theta functions. So the number of different theta functions are upper bounded by the type number T (p) of the quaternion algebra A(p), say, the number of ideal classes that are not isomorphic. An intriguing question is whether all these theta functions are linear independent(see Remark 2.16 of [7] ). We would like to go one step further to investigate whether these theta functions form a basis of weight 2 modular forms on Γ 0 (p) with Fricke eigenvalue −1. The investigation is based on a fact (probably known to Max Deuring) that the type number T (p) coincides with the dimension of weight 2 modular forms on Γ 0 (p) with Fricke eigenvalue −1. They are given by (see [4] [10, Theorem 6] for the explicit dimension formula(a result known to Robert Fricke), and see [9, p. 
g is the genus of X 0 (p):
is the class number of the imaginary quadratic field Q( √ −p). Then the linear independence of T (p) theta functions suggests that they form a basis of the subspace of modular forms aforementioned. Numerical computations with MAGMA verify the conjecture for p < 227, while for p = 227 the 15 theta functions span a 13-dimensional subspace.
We return to our case p = 163. The type number T (p) can be calculated with (3.1), which is equal to 8. We remark that θ I can be rewritten as a theta function associated to a (positive-definite) quaternary quadratic form x T M x, where M is a 4 × 4 positive-definite matrix with integral entries:
One can use quaternion algebra package in MAGMA to calculate 8 matrices M Ii for all O-ideal classes I 1 , · · · , I 8 , then verify the linear independence of corresponding 8 theta series from the coefficients of q-expansions. We list those eight integral matrices in the Table 2 .
Remark : The motivation of Lemma 2.3 is now clear. The left-hand side of (2.7) is the theta function associated to the maximal order O in the quaternion algebra A(p).
Construction of modular equations from theta functions associated to quaternion ideals
Since theta functions θ I1 , · · · , θ I8 form a basis of modular forms of weight 2 on Γ 0 (p) with Fricke eigenvalue −1, the modular form nP (q n ) − P (q) is a linear combination of theta series θ I1 , · · · , θ I8 . One can easily verify that
with a few coefficients from q-expansions of theta series and Eisenstein series. One is tempted to evaluate θ Ii (q)/θ I1 (q) at q = exp(−π/ √ n) when one gives a quick glimpse at (4.1), (1.11), (1.7) and(2.7), but it is by no means convenient to work with the ratios θ Ii (q)/θ I1 (q) directly. We would like to elaborate the method that Mazur and Swinnerton-Dyer used to construct models of X + 0 (p) in their paper [6] for our case n = 163(they construct a model for n = 37 only).
Remark : It is technically convenient to work on X + 0 (p) than X 0 (p), since the genus of X + 0 (p) is generally half of the genus of X 0 (p). The genus for X + 0 (p) is 6, while the genus for X 0 (p) is 13.
Theta functions arising from quaternion ideals can be used to construct meromorphic functions on X + 0 (p): the ratios of the linear combinations of theta functions are meromorphic functions on the Riemann surface X + 0 (p), and one can construct explicit models of modular curve X + 0 (p) with these meromorphic functions. In order to construct simpler models for the curve X + 0 (p), one should rather choose meromorphic functions with smaller degrees, i.e., meromorphic functions with fewer poles. One has to choose appropriate linear combination of theta functions with lowest number of zeros in the fundamental region of Γ + 0 (p)(∞ excluded). We claim that the cusp form φ = (θ I6 − θ I7 )/4 = q 14 − q 16 − q 18 + · · · is the linear combination with the lowest number of zero in the fundamental region of Γ + 0 (p). An holomorphic 1-form on the Riemann surfaces X 0 (p) has 2g − 2 = 2 × 13 − 2 = 24 zeros, so φ has (24 − 2(7 − 1))/2 = 6 zeros other than the cusps on the Riemann surfaces
is the meromorphic function with smallest degree on the Riemann surface X + 0 (p). In order to evaluate f (τ ) at τ = i/ √ 163, we need to determine an explicit model of X + 0 (p). We choose another meromorphic function
which is a meromorphic function on X + 0 (p) when p ≡ 7 (mod 12). ϕ(τ ) is everywhere holomorphic on X + 0 (p) except a pole at ∞ with order 27. On the compact Riemann surface, two meromorphic function φ(degree = 7) and ϕ(degree = 27) must satisfy an algebraic relation:
while y i (t) are polynomials of t with degree ≤ 27. With the first 200 coefficients of the q-expansion of f and ϕ, one can find the explicit expressions of the polynomials y i . We also define g i , i = 1, · · · , 5 as
and (4.6)
respectively. Since they are meromorphic functions on X 
Numerical computation determines that u is the root of the polynomial −160 − 512x − 400x 2 + 231x 3 = 0, and the result follows.
Remark : The zeros of φ(τ ) are very likely to be imaginary quadratic irrationals. With the same method one can obtain all the values of modular function g 1 , · · · , g 6 at τ = i/ √ 163. We will list them in the Table 3 below. 
One can extract the values of θ Ii /θ I1 at τ = i/ √ 163 from Table 3 . Let u still be the unique real root of 2x 3 + 40x 2 + 400x − 1 = 0. 
Combining Table 4 , (4.1), (2.7), we have and we are done.
Remark : We also note that the explicit models of X + 0 (p) generated by these theta functions have comparatively small coefficients(with respect to the modular equation from j(τ ), j(pτ )).
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